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Abstract-A realistic boundary value problem designed to study the generation, propaga- 
tion and dissipation of transient pressure disturbances in fluid-filled viscoelastic tubes is 
formulated and solved. The tube equation is based upon a thin-walled shell theory for 
tethered tubes, the fluid is assumed inviscid, and a one-dimensional theory is extracted by 
averaging quantities over the tube cross section. The standard linear solid is chosen to model 
the viscoelastic response of the tube and comparisons with a purely elastic analysis are 
displayed graphically. 
1. INTRODUCTION 
The study of wave propagation in compliant tubes has relevance to a range of scientific and 
technological problems of importance. Included among these is the propagation of pressure 
pulses in arteries. 
Numerous studies of waves in cylindrical shells have appeared in the literature (see Moodie 
et al. [l] for a representative list of references). These studies present various approximate 
shell theories with the authors amplifying their theories by means of dispersion curves and 
plots of frequency spectra. Transient phenomena are rarely discussed. 
Compliant tubes containing a fluid have been studied since the time of Thomas Young 
[2] in connection with modelling the propagation of the arterial pressure pulse. Authors 
employing a form of shell theory in partnership with fluid equations in their models have 
invariably analysed them by assuming solutions in the form of travelling periodic waves and 
obtaining plots of the frequency spectra for the various possible fluid and tube modes. The 
most detailed set of such results has been obtained by Rubinow and Keller [3,4]. Two of the 
present authors (T.B.M., R.J.T) have analysed several initial value problems for fluid-filled 
compliant tubes [5-91. 
In this report, we shall study the transient response of a fluid-filled viscoelastic tube (Fig. 
1) subjected to a boundary condition at one of its ends. This boundary condition is chosen 
to represent a realistic physical problem involving generation of an excess of mean pressure 
in the tube. The tube is modelled on the basis of a viscoelastic shell theory that employs the 
standard linear solid in its viscoelastic response. The solution is obtained in the form of a 
Laplace integral which is inverted numerically. 
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Fig. 1. Fluid-filled viscoelastic tube. 
2. FORMULATION 
Since the equations to be employed here have been derived in detail elsewhere we shall 
refer to our previous publications rather than repeat the analysis. 
Consider a uniform thin-walled circular cylindrical tube filled with a fluid. The axis of the 
tube is taken to be horizontal and in the x-direction. The radius, density, and wall thickness 
of the tube are R, y, and h, respectively, and p is the density of the fluid. The radius R is 
taken to be the inside radius of the tube and, since h/R Q 1, only a small error is introduced 
by using R in the shell equations in place of the mean radius R + h/2. The wall material is 
assumed incompressible and behaving in both bulk and shear as a standard linear viscoelastic 
solid, characterized by its relaxation time r > 0 and the ratio m (0 < m < 1) of “relaxed” to 
“unrelaxed” modulus [l]. The fluid is assumed to be inviscid and incompressible. In 
experimental studies where latex tubes are employed [lo] the value of h/R N 0.04. Our 
thin-walled theory is valid for h/R < 0.1. The tube wall is considered to be “tethered,” that 
is, we ignore axial motions of the wall. This is a reasonable assumption since the enclosed 
fluid, being inviscid, will exert no shearing stresses on the wall. 
An axisymmetric perturbation of the initial state in which the system is at rest results in 
a pressure perturbation p(r, x, t) about the reference pressure (taken as the unperturbed 
uniform pressure in the tube) and in radial and axial displacements w(r, X, t) and u(r, x, t), 
respectively, of the fluid. The external pressure acting on the tube is taken to be uniform and 
equal to the reference pressure, that is, the tube is not loaded. The fluid pressure at the tube 
wall is 
Ax, t) =I@, x, r>, (2.1) 
while the radial displacement of the tube wall from its undeformed position is 
w,(x, t) = w(R, x, t). (2.2) 
Under the assumptions discussed above for the tube and with the effect of the bending 
stiffness assumed small the shell equation is 
(2.3) 
Equation (2.3) and the fluid equations which follow are in nondimensional form, where 
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(2.4) 
The constant E is Young’s modulus and the speed c, corresponds to the Korteweg-Moens 
wave speed for v = l/2, where v is Poisson’s ratio [ 111. The nondimensional forms of the fluid 
equations are 
(2.5) 
a% ap ---=--3 
ai ar 
aw i+ aii 
Tg+_r+z=O. 
(2.6) 
(2.7) 
Equations (2.5) and (2.6) represent linearized forms of the axisymmetric Navier-Stokes 
equations for an incompressible inviscid fluid. This linearization is based on the fact that for 
pressure transients of the type to be discussed here, local accelerations dominate the 
convective ones [12]. Equation (2.7) is obtained from the continuity equation by integrating 
with respect o t. The arbitrary function of X and F which results from the integration is set 
to zero because the equation must be satisfied by the solution ii = 0 = W. Henceforth, we shall 
consider only nondimensional quantities and for convenience omit the bars. To complete the 
formulations, Eqs. (2.3) and (2.5~(2.7) must be supplemented by appropriate initial and 
boundary conditions. 
At the interface between the fluid and the solid the tractions and displacements must be 
continuous. Whereas axial shear is omitted from both the shell equation and the fluid 
equations, only normal tractions must be matched at the interface. Thus, 
Pk t) =P(Lx, t). (2.8) 
Since the tube is tethered, the axial fluid displacement should vanish at the wall. However, 
the fluid is inviscid so it is not possible to satisfy this condition; only the radial displacements 
can be matched at the interface. Hence, 
w,(x, t) = w(1, x, t). (2.9) 
The nondimensional forms of the governing equations are given by Eqs. (2.3), (24, (2.6), 
(2.7), (2.8), and (2.9). Assuming that the axial velocity of the fluid varies only slightly over 
a cross-section at any fixed time, we have as a consequence that 
24 = u(x, t). (2.10) 
This rationale behind this approximation is that an inviscid fluid cannot sustain a shearing 
stress and so the dependence of axial displacement on radial position must be weak. Using 
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Eq. (2.10) in the continuity equation gives 
w(r, x, t) = -g 
It may now be inferred from the boundary condition Eq. (2.9) that 
w,(x, t) = -;g 
(2.11) 
(2.12) 
Since the implication of the present approximation is that u(x, t) represents a mean axial 
displacement for any given cross-section, it is convenient to introduce a mean fluid pressure 
p,(x, r). This is defined by 
I 
Pm(X, t > = 2 rp(r, .x, t) dr. (2.13) 
It thus follows immediately from Eq. (2.5) that 
ah ap __= -2 
at* ax. (2.14) 
It follows from Eqs. (2.14) and (2.12) that the mean pressure and wall displacement are related 
through 
ah, _ 1 ah ~ -__ 
at* 2 a.9 .
Multiplying Eq. (2.6) by r2 and integrating from r = 0 to r = 1 gives 
1 em 
Pk~)=P,(x,~)--- 
8 ax*' 
To summarize: The equations in nondimensional variables that we must solve are 
(2.15) 
(2.16) 
(2.17) 
(2.18) 
(2.19) 
We now must specify the boundary conditions at x = 0 corresponding to a physical problem 
of interest. We consider our membrane theory viscoelastic tube to be clamped (held) at x = 0 
while the mean fluid pressure there is subjected to a sudden perturbation. We construct the 
boundary condition so that this perturbation corresponds to the rapid opening at t = 0 and 
closing at t = t * > 0 of a shutter behind which there is a pressure head. Since the membrane 
theory tube provides an equation which is second order in x, one essential boundary condition 
is 
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(2.20) 
while the second essential boundary condition is 
Pmh t>lx=o  fYt)ff(t), 
P(t) = [l - H(t - t*)], 
(2.21) 
where H(t) is the Heaviside unit function. The problem to be solved then consists of Eqs. 
(2.17t(2.21) together with the quiescent initial conditions, 
azw 
w,(x, t) = 2 (x, t) = $ (x, t) =pm(x, t) = 0, t < 0, x > 0. (2.22) 
3. TRANSFORM SOLUTION 
We define the Laplace transform of f(t) by 
y(is) = TV(t)} = 
s 
m e-“‘f(t) dt, 
0 
so that its inverse is then given by 
(3.1) 
f(t) = -r;“-‘df<s)} = &. 
s 
e’tf<s) ds, (3.2) 
BI 
where Br represents the usual Bromwich contour on which Re(s) = 6 > 0. Transforming in 
Eqs. (2.17t(2.19) and using Eq. (2.22) gives 
2(rs + m)Gj = (zs + 1) 
s2w _ l d21G 
’ 2dx2’ 
- - 1 d’& 
Pi=Prne8dX2. 
Transforming the boundary conditions of Eqs. (2.20) and (2.21) yields 
W,(O, s) = 0 
(3.3) 
(3.4) 
(3.5) 
JQO,.S)=P(s)=~(l-ep"), t*>O. 
Eliminating & or W, among Eqs. (3.3b(3.5) gives 
LW,(x, s) = 0, 
or 
(3.6) 
(3.7) 
(3.8) 
(3.9) 
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The characteristic equation associated with L is 
““-+2+(y”2+;=0’ A.=A(s), 
which has the four roots L,(i = 1,2, 3,4) given by 
A.2 = - (4 Y~)P2, A,,, = +(+ *(s))"2, 
(3.10) 
(3.11) 
(3.12) 
where 
It is now a relatively straightforward calculation to show that the transformed displace- 
ment and pressure solutions have the representations 
W,(x, s) = - P(s)4 +csh#J -@I e-(#,+(s))l,2x + 
s2(4 +(s) - 4 -(s)) 
P(s)4 +(sM 7s) e_(r-(s))l/2x 
s2(4 +(s) - 4 -(s)) 
(3.14) 
P(s)4 -(s) 
&(x, s) = - (4 +(s) _ 4 -@)) e 
-(9+(S))‘& P(s)4 +(s) 
+ ($ +(S) _ $ _($)) e-(+-(“))“2”, (3.15) 
where we have used the finiteness condition 
W,,P,-+O asx+co. (3.16) 
Taking inverse transforms in Eqs. (3.14) and (3.15) and using P(S) from Eq. (3.7) our 
solutions become 
w,(x, t) = & s Br (&f--) {e-(&)“2x _ e-(b+)“z”} .t?!j & 
1 -- 
2ni s 
Br c4t y; _) (e-(&-)“zx _ e-(6’+)“2x} t$? ds, (3.17) 
and 
where 4 *(s) are given by Eq. (3.13). Although the exact solutions are given by Eqs. (3.17) 
and (3.18), their content is not at all obvious. The remainder of this report will be devoted 
to extracting information about the mean presssure p,,,. We concentrate on this variable 
because it is the easiest one to measure. 
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Numerical results are obtained by applying an approximate method of inversion to the 
transform solutions found in the last section. These results are for y/p = 1.1 and h/R = 0.05, 
which are chosen to represent realistic parameters for an elastometer tube containing a fluid 
whose density is close to that of water. Different values of m are taken with a relaxation time 
of 7 = 1.0. We shall concentrate on the mean pressure p,,,; numerical results for w, can be 
found in the same way, 
The solution (3.18) can be expressed in the form 
pm(x, t) =pE’(x, t) -pi’(x, t - t*)H(t - t*), (4.1) 
where pt’ is the response to a suddenly applied unit pressure maintained at the end x = 0 
of the tube, that is, 
If we let 
pi’(O, t) = H(t). (4.2) 
jj”‘(X s) = L g(s) + ‘Is2 
m 3 2s i[ 
f(s) + 1] e-(6m)‘i2X _ [g(~~~* _ 1] e-id+)‘IL}, (4.3) 
where 
7s + m 
g(s) = z+l (4.4) 
f(S) = ([g(s) + rpq* - 45s4}“2, (4.5) 
then 
Pk!‘(X, f) = & s e"j$)(x, s) ds . Br (4.6) 
The numerical inversion is applied to (4.3) and then (4.1) is employed. Before describing this 
numerical inversion method, we must define the branches of the various radicals appearing 
in (4.3). 
The functionf(s) defined by (4.5) can be written in the form 
f(s) = 7(~,~2)"*~,(~Ig2(~)1"*/(7~ + 11, 
where 
are polynomials of degree 3, and 
a,=rl+2& 
u*=?J-2& 
(4.7) 
(4.8) 
(4.9 
(4.10) 
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The values of the material parameters are such that r~ b 2&, so that a, and a2 are positive. 
Since z > 0, 0 < m < 1, it can easily be shown that the polynomials (4.8) each have one 
negative real zero. Also, if 
3r2 > u,, (4.11) 
the remaining two zeros of g, and of g, are complex conjugates with negative real part. For 
the material parameters given above a, < 0.2. Thus, for z > 0.3, the inequality (4.11) is easily 
satisfied. 
If S, i = 1, 6, denotes the six zeros of gr(s) . g2(s), then we define 
T (a,u,p 6 
f(s) = ~ zs + * Q 6 - 4P2? 
1-I 
(4.12) 
with 
larg(s - si)l < rc. (4.13) 
Hencef(s) is analytic in the s plane with branch cuts parallel to the negative real axis and 
emanating from the six branch points si, i = 1, 6. We then define 
[c$ +(s)p2 = & {g(s) + v2 +m)li2? (4.14) 
with the branch of the square root such that (4 +)I’2 is real and positive when s is real and 
positive. Finally, since 
we define 
1 
[4 -(s)P2 = t 1'2[4 +(s)]l'2' (4.16) 
The functions (4 *)1’2 are analytic functions in Re(s) > 0. Thus in view of the locations of the 
branch points off(s), pi’(x, S) is an analytic function of s in Re(s) > 0. 
We now describe the numerical inversion technique [13] employed here. Letf(t) be a real 
valued piecewise continuous function for t 2 0 and suppose that 
/f(t)1 12 A4 ear, (4.17) 
that is, f(t) is of exponential order c(. Then the Laplace transform of f(t), 
F(s) = 
i 
m e-“y(t) dt, 
0 
is an analytic function of s for Re(s) > ~1. In [13], it is shown that 
(4.18) 
f(t) =yC’<t> - E, (4.19) 
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where 
jQ,=; p+f,[Rep(a+g]cos$ 
-,m[,(,+T)]sinT]). O<t <2T, (4.20) 
E = f e-*“=“f(2nT + a), 
n=l 
(4.21) 
and a is any real number greater than LX. The series (4.20) is used to approximatef(t) on the 
interval 0 < t < 2T with an error given by (4.21). If we use the bound (4.17) in (4.21) and 
sum the resulting geometric series, we obtain the error bound 
[El I A4 en’/(e2~a-a) - 1). (4.22) 
So by choosing a sufficiently larger than a we can make 
relative error, 
E, = E/M ear, 
we have 
[E,I I l/(e2T(n-a) - 1). 
This bound provides a simple algorithm for computing. 
_ . 
E as small as desired. Defining the 
(4.23) 
(4.24) 
f(t) to a predetermined accuracy. 
Suppose that the numerical value of_/‘(t) is desired on some interval 0 < t < to with relative 
error no greater than E:. First choose T so that 2T > to. Then, in view of (4.23) choose 
(4.25) 
Finally, sum the series (4.20) until it has converged to the desired number of significant 
figures. The parameter a can be estimated from the transform F(s). We take a to be slightly 
larger than 6. where 6 is the smallest number such that F(s) is analytic in Re(s) > 6. For our 
transform solution pt)(x, s), we choose a to be slightly greater than zero. 
Numerical results obtained by applying the approximate method of inversion to (4.3) are 
displayed graphically in Figs. 2-6. All results are for y/p = 1.1, h/R = 0.05, and r = 1.0. We 
consider various values of m, where m = 1 corresponds to the elastic case. The curves in Fig. 
2 show the variation of Pm with time at x = 5 and for m = 0.6, 0.8, 1 .O. The curves in Figs. 
3-5 show the pressure at the stations x = 5, 10, 15, 20 and for values of the viscoelastic 
parameter m = 0.6,0.7,0.8. for a particular value of m, the attenuation of the maximum value 
of pm is evident in each of Figs. 3-5. This damping is illustrated by the attenuation curves 
in Fig. 6 in which the maximum value of pm is plotted versus x. 
5. DISCUSSION 
In this paper, we have analysed a specific boundary value problem designed to mimic an 
experimental arrangement for generating pressure pulses in fluid-filled tubes. The tube model, 
which neglects bending moments and shear deformation of the wall, is linear and viscoelastic 
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. . . . . . . . . . . . . . . m = 0.8 
m = 0.6 
Fig. 2. Pressure pulse at x = 5 for m = 1 (elastic), m = 0.8 and m = 0.6. 
l.Or 
L 
0.8 - 
0.6 - 
0.4 - 
Pm _ 
0.2k ‘94 
Fig. 3. Pressure pulse at x = 5, 10, 15, 20 for m = 0.6. 
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1.0 
0.8 
! 
0.6 X 
Pm 0.4 
0.2 1 KK 15 
-0.2L 
Fig. 4. Pressure pulse at x = 5, 10, 15, 20 for m = 0.7. 
1.0 - 
0.8 - 
Pm 
Fig. 5. Pressure pulse at x = 5, 10, 15, 20 for m = 0.8. 
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0.6 - 
A 
0.4 - 
0 
2 kPa I 
5 10 15 
X 
Fig. 6. Attenuation curves for maximum amplitude of pressure pulse. 
I 
50 ms 
Fig. 7. Experimentally generated pressure pulse in water filled latex tube of internal diameter 16.2 mm and wall 
thickness of 0.207 mm (private communication, Greenwald and Newman, Guy’s Hospital Medical School, London, 
England). 
and the fluid is linear and inviscid. The model was designed to simulate the observed 
broadening and attenuation of pressure pulses in fluid-filled elastomer tubes (see Fig. 7). It 
can be seen by comparison of Figs. 3 and 7 that the qualitative agreement is good. This leads 
us to speculate that the observed effects are due to dispersion of the pulse (that is, higher 
frequencies are more rapidly attenuated than the lower ones) and that nonlinear effects are 
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minimal. A precise quantitative comparison of our results to experiment is not at present 
feasible as the exact values of the viscoelastic parameters r and m are not known for the latex 
tubes employed by Greenwald and Newman. We feel that our theoretical results serve to 
emphasize that attenuation of the pressure pulse is due to the viscoelastic nature of the tube 
wall and not the fluid viscosity. Attenuation curves are shown in Fig. 6. 
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